Abstract Ventilation of the upper ocean plays an important role in climate variability on interannual to decadal timescales by influencing the exchange of heat and carbon dioxide between the atmosphere and ocean. The turbulent nature of ocean circulation, manifest in a vigorous mesoscale eddy field, means that pathways of ventilation, once thought to be quasi-laminar, are in fact highly chaotic. We characterize the chaotic nature of ventilation pathways according to a nondimensional ''filamentation number,'' which estimates the reduction in filament width of a ventilated fluid parcel due to mesoscale strain. In the subtropical North Atlantic of an eddy-permitting ocean model, the filamentation number is large everywhere across three upper ocean density surfaces-implying highly chaotic ventilation pathways-and increases with depth. By mapping surface ocean properties onto these density surfaces, we directly resolve the highly filamented structure and confirm that the filamentation number captures its spatial variability. These results have implications for the spreading of atmospherically-derived tracers into the ocean interior.
Introduction
The process of ventilation sets the properties of the ocean subsurface through the subduction and spreading of mixed layer water. In the subtropical gyres it impacts thermocline stratification [Luyten et al., 1983] and the cycling of biogeochemical tracers [Karstensen et al., 2008] as well as affecting inter-annual and decadal climate variability through the exchange of heat [Deser et al., 1996; Williams et al., 2014] and carbon dioxide [Follows et al., 1996 [Follows et al., , 2002 Sabine et al., 2004] with the atmosphere.
Ocean circulation is highly turbulent, with the kinetic energy dominated by mesoscale eddies [Ferrari and Wunsch, 2009] . In the presence of strong eddy activity, the pathways of water parcels can be highly chaotic [Wiggins, 2005] . The chaotic nature of these pathways impacts the transport and distribution of tracers and the spatial scales over which regions of the ocean retain memory of their upstream properties. Kamenkovich et al., 2017] . Notable exceptions to this are attempts to quantify, through a variety of means, a nondimensional Peclet number, which characterizes the relative importance of advection and mixing for tracer transport [e.g., Rhines and Schopp, 1991; Waugh et al., 2004; Shao et al., 2016] .
In this contribution, we propose a novel, kinematic approach to characterize the chaotic nature of ocean ventilation pathways, borrowing concepts from the study of dynamical systems [Strogatz, 1994] . We define a nondimensional number that quantifies the reduction in the width of a fluid parcel since leaving the mixed layer. This indicates the extent to which trajectories from the mixed layer into the ocean interior are laminar or chaotic. The approach is complementary to tracer-derived estimates of ventilation pathways [e.g., Haine and Hall, 2002; Waugh et al., 2004; Primeau, 2005; Primeau and Holzer, 2006; Hall et al., 2007; Holzer et al., 2010] , and explores the physical processes operating at their heart. Our analysis is focussed on the subtropical thermocline, a region of historical debate on the impact of ventilation and the time-varying flow on the large-scale circulation and stratification [Rhines and Young, 1982; Luyten et al., 1983] .
Dynamical systems approaches such as that adopted in this study are often applied to questions of tracer stirring and transport in turbulent (and nonturbulent) geophysical fluids. These range from the investigation of Lagrangian flow maps that are mathematically similar to the advection-diffusion equation [e.g., Pierrehumbert, 1994; Antonsen et al., 1996; Neufeld et al., 2000; Tzella and Haynes, 2010 ] to evaluation of the dynamical system characteristics of observed or simulated currents and tracer fields [e.g., Abraham and Bowen, 2002; Waugh and Abraham, 2008; Haller, 2015; Mukiibi et al., 2016] . Oceanographic applications have tended to focus on the surface ocean (for a review, see Wiggins [2005] ) and, to our knowledge, this study is the first to apply such an approach directly to the problem of ocean ventilation.
Theory
As an analogy to the effect of turbulent circulation on ocean ventilation, consider the making of puff pastry ( Figure 1a ). As the dough is repeatedly stretched and folded, the layers become increasingly thin. The change of the layer width, Dx, through time can be expressed as
where c is the strain rate-the rate at which the baker rolls the dough. Integrating (1), we find that the thinning of the layers occurs exponentially in time: Figure 1 . Thinning of (a) layers of puff pastry (adapted from Strogatz [1994] ) and (b) a patch of fluid at a circulation stagnation point, progressing in time from left to right. In both plots, the filament width is labeled Dx. In (a), the folding length is labeled L. 
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where c t is the time-mean strain rate. Thus the reduction in the width of the pastry layers is set by the time that the baker has been working for (t) and the vigour with which they roll the pastry (c), which is averaged over time [Strogatz, 1994] . Importantly, it is the strain rate, c, that impacts the layer width, while the horizontal scale of the pastry (denoted L in Figure 1a ) is determined by the length scale of the folding.
Analogous to the stretching and folding of puff pastry is the horizontal drawing out and thinning of fluid parcels-so-called filamentation (Figure 1b ). An infinitesimal fluid parcel of width Dx, aligned perpendicular to the axis of principal strain, will thin exponentially in time according to equation (2). In this case, the role of the baker is played by the circulation. For a two-dimensional, nondivergent flow, the strain rate, c, is a function of the horizontal velocity gradients, given by 4c 2 5 @u @x 2 @v @y
where symbols have their usual meaning. As is the case for puff pastry, the filament width is affected by the strain rate, while the bounding horizontal scale of the fluid parcel is controlled by the characteristic length scale of the eddy field on which the fluid parcel is folded. Maxima in the strain rate are found at stagnation points in the flow. In a turbulent flow, where stagnation points are a common feature, the width of filaments will collapse to arbitrarily small scale in finite time.
Now consider a fluid parcel ventilated into the ocean subsurface. The time that the baker has been working for corresponds to the time since the fluid parcel left the ocean mixed layer-the ventilation timescale. The vigour with which the baker rolls the pastry is the strain rate of the circulation, which varies in space and time along the parcel's Lagrangian trajectory. Then, from (2), the reduction in filament width is a function of the ventilation timescale (s vent ) and the mean strain rate along the Lagrangian trajectory ( c L ; we use the superscript L to distinguish this Lagrangian mean from the Eulerian time-mean strain rate of the puff pastry evaluated at a stationary point). Expressing the latter as a Lagrangian strain
, we can define a nondimensional ''filamentation number'' as the ratio of these two timescales:
The filament width of a fluid parcel will have been reduced by a factor of order e 2F since leaving the mixed layer (equation (2)). For example, in a region where F 5 4, a ventilated fluid patch with an initial horizontal scale of Dxð0Þ5100 km will have formed filaments of roughly 2 km width (notwithstanding spatial scale considerations outlined below).
In other geophysical fluid applications of concepts from dynamical systems, the filamentation of fluid parcels is characterized by the ''Lyapunov exponents'' of the system. The finite time Lyapunov exponent (FTLE) is the time mean strain rate following a trajectory. Thus, for individual trajectories, the FTLE is identical to the Lagrangian strain rate defined above. Finite time Lyapunov exponents are evaluated from trajectories initialized across a domain and evolved forward or backward for a fixed length of time [e.g., Abraham and Bowen, 2002] . Their evolution and distribution as the fixed time increases, and their long time behaviour, has been shown to provide information on the stirring of passive tracers within the domain [Antonsen et al., 1996; Abraham and Bowen, 2002] . In the present work, the finite time of integration for each trajectory is the time since the parcel was last in the surface mixed layer, i.e., the ventilation timescale. As such, it is unique for each trajectory and each location within the domain. It is for this reason that we identify the Lagrangian strain rate as a distinct measure from the more ubiquitous FTLE.
The formulation of the nondimensional number F assumes that the width of the fluid parcel is infinitesimally small. For F to characterize the filamentation of a finite-size fluid patch, the width of the patch must be less than the dominant kinetic energy-containing spatial scale of the circulation. That is to say the fluid Journal of Geophysical Research: Oceans 10.1002/2017JC012875 patch must be within a ''nonlocal'' dynamical regime, in which the kinetic energy spectrum of the circulation, and therefore the strain timescale, is dominated by the larger scales [Batchelor, 1959; Bennett, 1984; Keating et al., 2011] . To understand this, consider a circulation regime for which the dynamics are nonlocal below 100 km. A ventilated fluid patch with initial horizontal scale of 50 km will be persistently thinned on a strain timescale associated with the nonlocal regime. This timescale is determined by the circulation at the largest scales of the nonlocal regime-100 km. In this case, F will correctly characterize the reduction in filament width. On the other hand, a ventilated fluid patch with an initial horizontal scale of 500 km-within a ''local'' regime-will experience a different strain (i.e., that associated with a separation of 500 km), the timescale of which is likely to be longer than that within the nonlocal range. Consequently, F will generally overestimate the extent of filamentation of such a fluid patch. Returning briefly to the puff pastry analogy, the baker cannot efficiently roll the dough if its size exceeds their own.
The puff pastry analogy is commonly employed to explain the mechanism by which dynamical systems develop sensitivity to initial conditions, through the stretching and folding of phase space [Strogatz, 1994] . Imagine a small drop of food colouring in the pastry dough (Figure 1a ), representing a cluster of nearby initial conditions in phase space. After a number of iterations of stretching and folding, the dye will have spread throughout the pastry, representing the range of possible trajectories of the initially close initial conditions. As the layers thin, trajectories in the system become increasingly sensitive to their initial positionthe system becomes increasingly chaotic.
By the same analogy, the value of F in the ocean subsurface characterizes the chaotic nature of ventilation pathways. This is illustrated schematically in Figure 2 , where we consider the ventilation pathways that have been followed by adjacent particles on a density surface. If a region is characterized by a small value of F, implying that it is ventilated on a short timescale (s vent small) or the flow is predominantly laminar ( s L strain large), adjacent particles will have left the mixed layer at similar times and locations (blue pathways). In the context of a passive tracer, its distribution on leaving the mixed layer will be conserved in the ocean interior. If, on the other hand, the region is characterized by large F, suggesting it is ventilated on a long timescale (s vent large) or the flow is highly turbulent ( s L strain small), the particles are more likely to have followed divergent pathways and have left the mixed layer at a range of locations and times (red pathways). In this case, the distribution of a passive tracer will be highly filamented, reflecting these divergent pathways.
In the following, we explore the concept of the filamentation number, evaluating its magnitude within the subtropical thermocline of a numerical ocean circulation model and comparing it to the ventilation pathways in this region. 3. Methods
Model Details and Lagrangian Trajectory Calculation
Our analysis utilizes the 5-day mean output from a hindcast simulation performed with the eddy-permiting ORCA025 coupled ocean/sea-ice model configuration developed by the European Drakkar project [Barnier et al., 2006] , which is an implementation of the NEMO model [Madec, 2008] . The configuration uses an isotropic tripolar grid covering the global ocean with a resolution of 1/4 (27.75 km at the equator, refined at higher latitudes) and 75 uneven vertical levels. The simulation is interannual and runs from 1958 to 2010 with no spin-up. The forcing data set is the Drakkar forcing set 5, which is an updated version of the fields described in Brodeau et al. [2010] . Further details and observational validation can be found in Gr egorio et al. [2015] and Barrier et al. [2015] .
We also make use of the particle tracking tool, ARIANE (http://www.univ-brest.fr/lpo/ariane/) to calculate Lagrangian trajectories from the hindcast velocity fields. A description of the algorithm is given by D€ o€ os [1995] and Blanke and Raynaud [1997] . The algorithm makes use of the fact that, for a numerical simulation constructed on a C-grid, the stream function between model grid faces can be determined analytically. This relies only on the assumption that velocities vary linearly between grid faces. Since we compute our Lagrangian trajectories from 5 day mean fields, we neglect velocity and tracer fluctuations, and their correlations, on timescales shorter than 5 days.
Timescale Calculations
Both the ventilation and strain timescales are evaluated using Lagrangian trajectories. Particles are initialized across potential density surfaces at a resolution of 25 per grid cell ( 5 km apart) in March 2010. They are tracked backward in time until they intercept the mixed layer (which we define by a density within 0:01 kg m 23 of the surface density, following Thomas et al. [2015] ). Along the trajectory, the local horizontal strain rate, determined from the Eulerian velocity field, is linearly interpolated onto the trajectory location, providing a time series of strain rate for each trajectory. We use the horizontal strain rate under the assumption that flow in the subsurface is predominantly along density surfaces. The error associated with the density surface slope is negligible. To determine s L strain , we calculate the inverse of the mean strain rate along each trajectory, and grid this on the particle's intitial location on the density surface. For s vent , the age of each particle (the time between when it left the mixed layer and March 2010) is gridded on its initial location on the density surface. Median values of s L strain and s vent are determined within each model grid cell (25 particles), and the resulting fields are further smoothed using a two-dimensional, 24 grid cell, spatial moving median. The result is a smoothed map of the ventilation timescale and the Lagrangian strain timescale across the density surface.
Structure Function Calculation
The capacity for F to characterize filamentation of finite-size fluid patches depends on the details of the oceanic energy spectrum, specifically the spatial scales over which the dynamics are nonlocal (section 2). We determine this by analysis of the Eulerian velocity field, from which we evaluate the variance of separation velocities -the second order structure function -given by:
where r is separation and angular brackets denote the time average. S 2 can be evaluated for velocities and separations in both zonal and meridional directions. From dimensional analysis, the dependence of S 2 on jrj indicates the dynamical regime of the velocity field [LaCasce, 2002] . Where S 2 / jrj 2=3 , the dynamics are local, equivalent to an energy spectral slope of 25=3. Where S 2 / jrj 2 , the dynamics are nonlocal, equivalent to an energy spectral slope of 23. In our analysis, second order structure functions are evaluated using horizontal velocities interpolated onto density surfaces in the thermocline. , 1983] . The deeper isopycnal, r 27 , is ventilated on considerably longer timescales (Figure 4c) . A gradient exists between comparatively short timescales on the order of 1-10 years near the density surface outcrop and longer timescales of 50 years and more to the south west of the gyre. There is a clear signal of long ventilation timescales within the Gulf Stream and its extension, implying that water in this region is recirculated from the poorly ventilated southwest gyre interior. The distribution of s vent on these surfaces is broadly consistent with observations of tracer-derived ages [Jenkins, 1988] and previous model results [Williams et al., 1995] .
Results

Quantifying the Filamentation Number
Before presenting the Lagrangian strain timescale, s L strain , we consider the pattern of the time-averaged, local, Eulerian strain timescale, s E strain , across the density surfaces (Figures 5a-5c ). This is determined at each grid cell location using the horizontal Eulerian velocity field interpolated onto the potential density surfaces and averaged over the last 30 years of the simulation. The pattern of s E strain on each density surface provides an overall impression of where trajectories will experience high or low strain. To the best of our knowledge, this informative dynamical quantity has not previously been mapped in a realistic ocean circulation model. The magnitude of s E strain is similar on the three density surfaces, increasing slightly with depth in the gyre interior and equatorial region. It ranges from days in energetic regions such as the Gulf Stream and equatorial band, to months in the gyre interior and shadow zone, and is everywhere less than a year. Within the comparatively quiescent gyre interior, there remains considerable spatial structure, with s E strain increasing south of the Gulf Stream and decreasing again toward the gyre's southern extent. From observations of a tracer released at 25:6 N; 28:3 W, Ledwell et al. [1998] estimate a strain timescale of 0:1 years at a potential density of 26:75 kgm 23 , consistent with the time-average value in this region presented here. On r 26:5
and r 27 , a band of shorter timescales on the east of the basin at around 35 N signals the impact of the Azores current and possibly its interaction with Mediterranean water eddies [Bashmachnikov et al., 2015] . There is a notable increase in s E strain on all three density surfaces as the boundary between the gyre circulation and shadow zone is crossed.
The Lagrangian strain timescale ( s L strain ; Figures 5d-5f) is the inverse of the mean strain rate experienced by the fluid parcels along their trajectories from the mixed layer to each of the three density surfaces. Thus, it integrates the local strain rate as trajectories move around the subsurface. Consequently, and consistent with finite time Lyapunov exponents [Antonsen et al., 1996; Abraham and Bowen, 2002; Waugh et al., 2006 ], values of s L strain should converge at long times. The time for convergence of FTLEs in the surface ocean (1 year) [Abraham and Bowen, 2002; Waugh et al., 2006] is considerably less than the ventilation timescale across most of the thermocline in our simulation (Figure 4) . It is therefore unsurprising that the distribution of s (Figures 5a-5c ). This results in a slight decrease in s L strain with depth. By contrast, s E strain shows a marginal overall increase with depth. On both of the deeper surfaces, s L strain increases toward the south of the gyre. A large number of particles at the southern extent originate in the ventilation region to the north east of the density surfaces. Their trajectories, therefore, avoid passage through the most turbulent region with shortest strain timescale, i.e., the Gulf Stream and North Atlantic Current. It is apparent, therefore, that the distribution of s L strain is strongly influenced by the overall pathways of ventilation, and the strain history along these pathways, rather than being entirely set by the local values of Eulerian strain on each surface.
An Eulerian strain timescale is more easily evaluated than a Lagrangian strain timescale (both in a numerical model and in the ocean). Consequently, it is instructive to understand the extent to which s E strain differs from s L strain , and whether the former may be adequate for the purpose of scaling analysis. To this end, their ratio on each density surface is presented in Figures 5g-5i . On each density surface, differences between s L strain and s E strain exist in the quiescent regions (the gyre interior) and energetic regions (such as the Gulf Stream), where the Eulerian value is longer and shorter respectively. Trajectories in these regions have previously experienced longer/shorter strain timescales than the short/long local s E strain , and these are incorporated into the calculation of s L strain . Nevertheless, the difference between the Eulerian and Lagrangian strain timescale is much less than an order of magnitude across almost all of the area of the density surfaces, implying that an Eulerian measure may be broadly adequate for the scaling analysis in this paper.
The filamentation number, the ratio of ventilation and Lagrangian strain timescales, is shown in Figure 6 . It is large (F 1) throughout the thermocline, except in a narrow strip adjacent to the winter outcrops, and increases markedly with depth. The magnitude of F is a consequence of the considerably longer timescale on which the ocean subsurface is ventilated compared to the timescale over which it is strained. Owing to the relative uniformity of s L strain , the spatial distribution of F on each surface and with depth is almost entirely set by that of s vent . This is highlighted by plotting F against s vent for all density surfaces in Figure As outlined in section 2, F characterizes filamentation of fluid patches with an initial width within the nonlocal dynamical regime. The spatial range of the nonlocal regime can be determined by calculating the variance of separation velocities of the Eulerian velocity field-so-called structure functions (section 3.3). In this numerical simulation, the structure function is proportional to the square of the separation on scales from the grid scale up to around 100 km, as illustrated for a range of locations across the three density surfaces in Figure 8 . This implies that the dynamics are nonlocal within this range, and that F characterizes filamentation for fluid patches with horizontal scales up to at least 100 km. 
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Mapping Chaotic Pathways
The magnitude of the filamentation number characterizes the chaotic nature of ventilation pathways. We now determine these pathways directly by evaluating Lagrangian trajectories backward in time from an array of points on the three density surfaces to the time and location where they intercept the surface mixed layer. This procedure defines a mapping from each initial position on the density surface to the year and location of ventilation, portrayed schematically in Figure 2 . The year and location act as nondiffused passive tracers, their distribution set on subduction from the mixed layer and stirred in the subsurface by the circulation. Akin to the mapping of solutions in dynamical systems [see e.g., Strogatz, 1994; Pierrehumbert, 1994; Neufeld et al., 2000] , the pattern reveals the chaotic nature of the ventilation pathways.
The mappings are produced in March 2010 across each density surface (Figures 9a-9c, 10a, and 10b) . Additionally, we zoom in on interesting regions (Figures 9d-9f, 10c, and 10d) . While the horizontal resolution of the velocity field is 1=4 , the mapping is calculated at higher spatial resolution, which is possible due to the interpolation of velocities between grid cells in Lagrangian analysis (section 3.1). The mapping is purely advective and isolates the role of the model's resolved scales in producing filamentary structure. In the ocean, the filamentary structure produced by the larger-scale velocity field ceases when local dynamics, such as submesoscale motions, become dominant [Smith and Ferrari, 2009; Callies and Ferrari, 2013] . Figure 9 is the contrast between the mappings on different density surfaces (Figures 9a-9c) , which becomes increasingly noisy and chaotic with depth. The proportion of the density surfaces occupied by coherent regions of constant ventilation year (a ''homogenous'' mapping) is sharply reduced between r 26 , where recently ventilated ''2009'' water occupies the eastern third of the basin, and r 26:5 , where it is restricted to the east of 20 W. On both of these surfaces, the mapping becomes increasingly filamented and chaotic moving westward away from these regions. On r 27 , similar homogenous regions are absent, and the mapping is comparatively chaotic across the entire surface. Such variation between surfaces is consistent with our expectations based on a filamentation number that increases with depth ( Figure 6 ).
Most immediately striking in
Considering initially r 26 , the homogenous nature of the mapping in the eastern half of the basin is perhaps surprising considering the values of F in this region (between 10 and 50) from which one would expect to find smaller scale filaments present. That this filamentation is not present is due to the large spatial scale occupied by recently ventilated 2009 water, which exceeds the scale over which filamentation characterized by F occurs (100 km, section 4.1, Figure 8 ). Consequently, filamentation of 2009 water is confined to its outer edges. This can be seen in the centre of the gyre and, most strikingly, at the boundary between the 
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gyre interior and shadow zone to the south (Figures 9a and 9d) . The homogenous mapping of recently ventilated water contrasts starkly with the more filamented, chaotic shadow zone, where adjacent water parcels are often ventilated decades apart. Long, thin filaments of the shadow zone water are drawn out into the newly ventilated gyre interior, and vice versa (Figure 9d ). This eddy-driven exchange is hypothesized to be crucial for the ventilation of shadow zones [Bettencourt et al., 2015] .
Filamentation occuring within the recently ventilated 2009 water on r 26 can be visualized by mapping ventilation longitude rather than ventilation year (Figure 10 ). Given the predominantly zonally-aligned nature 
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of the density surface outcrop, and by construction of the color scale, the maximum initial scale of ventilated water in this mapping is 5 longitude ( 500 km), and therefore closer to the scales at which the filamentation characterized by F occurs. Consequently, filamentation occurs within a short distance of the outcrop, including within the recently ventilated 2009 water (Figures 10a and 10c) . The mapping of ventilation longitude is also indicative of the large horizontal scale over which stirring and filamentation mixes fluid. Regions of the 10 by 10 box on r 26 (Figure 10c) show trajectories that were ventilated from across a 45 longitude band, within a year of ventilation.
On r 26:5 , recently ventilated water is confined to a comparatively small region at the eastern side of the basin (Figure 9b ). The mapping becomes increasingly chaotic within a short distance to the west, where filaments of young and old water are stirred together (Figure 9e ). The contrasting nature of the ventilation pathways on r 26:5 and the shallower surface, r 26 , is emphasized by considering the mapping of ventilation longitude (Figure 10) . The high-resolution mappings in Figures 10c and 10d are positioned at the same horizontal location. Consequently, they exhibit the same structure of recent mesoscale stirring on both surfaces. On r 26:5 the stirring is taking place between already highly filamented water, due to the greater age of the water on this surface and the strain it has experienced since ventilation -characterized by its greater value of F.
The mapping of ventilation longitude gives an impression of the large-scale ventilation pathways on each of these shallower surfaces. On r 26 , despite filamentation taking place, there remains a strong signature of the gyre circulation (Figure 10a ). There is some evidence for the impact of the large-scale gyre circulation on r 26:5 , where fluid ventilated at the eastern edge of the outcrop appears to be preferentially advected around the southern edge of the gyre, though there is evidently significant filamentation and stirring along the way (Figure 10b) . Both surfaces exhibit increasingly filamented structure toward the western ''pool'' region, in which eddy stirring is expected to be dominant [Rhines and Young, 1982] . On both surfaces, there appears to be eastward movement of water immediately south of the outcrop, which appears to be due to eddy stirring and, on r 26:5 , advection by the Azores current. Finally, the mapping of ventilation year (Figure 9) gives the impression that, on both of these surfaces, water is ventilated in the east and ages as it moves westward. In contrast to this view, the western pool region on both density surfaces is at least partly ventilated locally in the west rather than being composed of waters of eastern origin (Figures 10a and 10b) . This raises the possibility that the age distribution on these surfaces is, in part, due to stirring between a region in the east that is locally ventilated each year and a region in the west that is ventilated locally, but on much longer long-timescales.
Across the entirety of the deepest surface, r 27 , the mapping of ventilation year is highly chaotic, consistent with the large filamentation number, and suggesting that the ventilation pathways of this density surface are dominated by eddy-stirring (Figure 9c ). There persists a large-scale gradient in ventilation year from the northeast to the southwest of the basin, often invoked to hypothesize a dominant role for the gyre circulation [Williams, 1991; Jenkins, 1988] . However, such a gradient could feasibly be established by eddy-stirring alone, from the ventilation region in the north east, without any role for the time-mean flow. Such a scenario would be facilitated by the anisotropic nature of eddy-stirring in the North Atlantic, which appears to broadly align with streamlines of the large-scale flow [Rypina et al., 2012] .
Even close to the ventilation region in the north east, the mapping is remarkably chaotic, with particles initialized side-by-side often found to have been ventilated decades apart (Figure 9f) . Recently ventilated water, from 2009, is filamented and stirred into older water close to the density surface outcrop. Within one year, the filaments of 2009 water have been reduced to extremely small scales (Figure 9f ), emphasizing the exponential rate at which this filamentation occurs. The short timescale of filamentation is similarly apparent on the shallowest surface, r 26 , at the shadow zone boundary (Figure 9d ) and in the gyre interior ( Figure  10c ). In both of these regions, the observed filaments have been generated in less than one year.
Validating the Filamentation Number
The theory presented in section 2 indicates that the filamentation number, F, characterizes the filament width (and therefore the chaotic nature) of the mappings in Figures 9 and 10 . While obtaining a direct measure of filament width is not straightforward, we can investigate properties of the tracer distribution that may be expected to be related, such as power spectra and tracer gradients. Given the magnitude of F, we expect the filament width to be extremely small -orders of magnitude smaller than the model grid scale.
To resolve as much of the filamentation as possible, therefore, we produce a mapping at very high spatial
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resolution (approximately 1 m) along zonal lines on each of the three surfaces. The location of these zonal lines is shown in Figure 6 , from which it can be seen that they sample a range of values of F.
The power spectra of passive tracers in the nonlocal regime are predicted to exhibit power law behaviour, with the power varying as k a where k is the spatial wavenumber [Batchelor, 1959] . Pierrehumbert [1994] found that a slope of a521 (consistent with the prediction of Batchelor [1959] ) emerges in the nondiffusive limit of a dynamical system map developed to simulate chaotic advection. They also note that a flattening of the spectrum occurs when the expected filament width of the tracer is much less than the resolution of the mapping as a result of aliasing from undersampling. That is to say, the presence of increasingly small scales impacts the spectral slope in the resolved range. It logically follows, and indeed Pierrehumbert [1994] found, that the smaller the expected filament scale, the flatter the spectral slope. While this aliasing obscures the signal that Pierrehumbert [1994] were investigating, in our case we would expect its effect to be directly reflected by the filamentation number -a larger value of F implies the presence of smaller scales and consequently a flatter spectral slope. The spatial power spectrum of the ventilation longitude is evaluated within each grid cell (2:5310 4 data points) using Welch's power spectral method [Welch, 1967] . Grid cells are grouped according to their value of F, and the average spatial power spectrum in different ranges of F is determined.
The results of the spectral analysis can be seen in Figure 11a . We only show averages for regions with F less than 500. For F less than 25, the spectral slope is slightly steeper than 21. This is likely to be due to the fact that the forcing of tracer variance -in this case ventilation -is more similar to a ''resetting'' forcing [Pierrehumbert, 1994; Neufeld et al., 2000] than an ''additive'' forcing, adopted in the theory of Batchelor [1959] . As we consider regions of larger F, the slope of the average spectrum become increasingly shallow, consistent with smaller filament width, and a more chaotic mapping in these regions.
The filament width should also be related to the gradient of the tracer in the mapping. The tracer gradient, rC, scales as DC=Dx, where Dx is the filament width and DC is a typical tracer difference between adjacent filaments. So as Dx decreases, rC increases. The PDFs of the squared gradient of the ventilation longitude are shown in Figure 11 , where the x-axis is on a natural logarithm scale. As for the power spectra, PDFs are grouped and averaged within bands of F. For the ventilation longitude, the relationship between rC and F is complicated by the fact that DC will also vary depending on the locations where, and scales across which, subduction occurs, as well as the spatial scales of stirring in the subsurface. Close to a ventilation region, DC will tend to be small, with water parcels mostly ventilated locally. Deeper in the subsurface, where parcels have originated from a wider range of longitudes, its typical value will be larger. We correct for this by normalizing the tracer gradient by the standard deviation of the tracer concentration in each grid cell. Figure 11b shows that at lower values of F, normalized tracer gradients tend to be smaller, consistent with our expectations. If the water were subducted uniformly across the density surface outcrop and not stirred at all during its transport into the subsurface, the squared, normalized tracer gradient would be approximately e 220 , which is close to the maximum of the distribution for F < 15. As the mapping is produced at greater values of F, there becomes an increasing presence of large gradients. The PDFs converge toward a maximum at e 0 , a value that corresponds to adjacent particles originating from across the width of the basin. As for the power spectra, the PDFs are bounded by the resolution of the mapping, since Dx has a lower bound of around 1 m, meaning that rC cannot exceed the width of the basin.
Both power spectra of tracer variance and PDFs of tracer gradients evolve in the expected manner based on our understanding of the filamentation number, F. Future work may seek to elucidate a deeper relationship between F and the properties of the tracer mapping. Such analysis could involve adopting an even higher spatial resolution for the mapping, other metrics of the tracer distribution such as its fractal nature [Pierrehumbert, 1994; Neufeld et al., 2000] , or including a form of diffusion along trajectories, as in Abraham and Bowen [2002] .
Discussion and Conclusions
The turbulent nature of ocean circulation is thought to play an important role in the ventilation process, but its impact remains difficult to quantify in both observations and numerical simulations. In this study, we propose that a nondimensional ''filamentation number'' characterizes the chaotic nature of ocean ventilation pathways. The filamentation number is the ratio of a ventilation timescale (the time since a fluid parcel was last in the mixed layer) and a Lagrangian strain timescale (the inverse of the mean strain rate following a water parcel from the mixed layer into the ocean subsurface). It quantifies the extent to which the filament width of a fluid parcel has been reduced since leaving the mixed layer, which, in turn, characterizes the extent to which pathways into the ocean interior are laminar or chaotic.
We have shown in an eddy-permitting ocean model that, due to the vastly longer timescale over which the ocean is ventilated compared to that over which it is strained, the filamentation number is large everywhere across three density surfaces in the subtropical North Atlantic thermocline. Consistent with this, mapping surface properties onto these density surfaces reveals highly filamented structure. Consequently, adjacent fluid parcels are found to have followed completely different pathways from the surface mixed layer, and often to have been ventilated decades and great distances apart.
There is a significant increase in the filamentation number with depth ( Figure 6 ), implying increasingly chaotic ventilation of the deeper density surfaces, a result confirmed by mapping the ventilation year of individual trajectories (Figure 9 ). This is partly due to the longer ventilation times at depth, but also to the decrease in s L strain with depth (Figures 5d-5f ), reflecting the different pathways along which each surface is ventilated. These results are consistent with previous studies that have noted the increased importance of mesoscale variability in the dynamics of the lower thermocline due to the fact that the strength of the timemean flow decreases more rapidly with depth than does the mesoscale eddy activity [Rhines and Schopp, 1991; Henning and Vallis, 2004] . In addition, the outcrop locations of the two deeper density surfaces (r h 526:5 kgm 23 and r h 527 kgm 23 ), within and to the north of the Azores current, means that direct subsurface pathways into the subtropical ocean are limited [Robbins et al., 2000] . Consequently, much of the ventilation of these density surfaces must be achieved by eddy stirring across the current, leading to filamentation of ventilated fluid parcels and chaotic trajectories.
In the ocean, mesoscale stirring will rapidly reduce the filament width of a coherent fluid patch down to scales at which smaller-scale processes begin to dominate. At this stage, the ventilated fluid patch loses coherence [Rhines and Schopp, 1991] . By characterizing the reduction in filament width since ventilation, the filamentation number allows us to estimate the distance over which a fluid patch will retain coherence during the ventilation process. Observations of tracers in the thermocline suggest that the filamental structure generated by mesoscale eddies begins to be eroded when the filaments are reduced to widths of around 2 km [Ledwell et al., 1998; Smith and Ferrari, 2009] . Thus, for a ventilated fluid patch with initial horizontal scale, Dxð0Þ, on the order of 100 km (the upper bound of the nonlocal dynamics in our simulation), a conservative estimate suggests that it would retain coherence only in regions where FՇ4. On all three density surfaces, this is within 100-300 km of the area where the surface is ventilated (Figure 6 ). This length scale for the loss of coherence is shorter than previous estimates for a gyre circulation (30021200 km) derived from the Peclet number, which characterizes the relative impact of advection and eddy mixing on a Journal of Geophysical Research: Oceans 10.1002/2017JC012875 tracer distribution [O'Dwyer et al., 2000; Rhines and Schopp, 1991] . This rapid erosion of the coherence of ventilated fluid parcels could severely limit the applicability of laminar ventilated thermocline theories, such as Luyten et al. [1983] .
An alternative framing of the question of coherence is that only a fluid patch with a horizontal scale far exceeding 100 km will remain coherent a significant distance from the ventilation region. This is evident in the mapping of ventilation year, which displays a comparatively vast, coherent region of 2009 water on the shallowest density surface, onto which a large amount of water is ventilated each year. Deeper in the thermocline, the horizontal scale of recently ventilated water decreases and the filamentation occurs within a short distance of the outcrop. Furthermore, in mapping ventilation longitude, for which the initial horizontal scale is limited for all surfaces, filamentation is ubiquitous, as suggested by the large values of F. In the ocean, the same effect is seen in tracer observations. Deser et al. [1996] observed the persistence of a cold temperature anomaly during ventilation into the subtropical North Pacific. The anomaly occupied a region of more than 500 km, likely to far exceed the nonlocal regime in the ocean [LaCasce and Ohlmann, 2003; Koszalka et al., 2009] , and thus the cold patch retained its signature during ventilation into the ocean interior. On the other hand, in a partially data-constrained numerical simulation of the Southern Ocean, Jones et al. [2016] noted erosion of the potential vorticity signature of subantarctic mode waters-with initial horizontal scales between 100 and 200 km-within a few years. Theories for the ventilated thermocline assume that horizontal gradients in potential vorticity are retained as water moves into the ocean interior [Luyten et al., 1983; Williams, 1991] . If the horizontal scale of these gradients is less than the scale over which filamentation occurs, our results imply that such an assumption would be invalid.
The 1=4
ocean model used in the present analysis does not fully resolve mesoscale eddies in the ocean, and is far from resolving submesoscale motions. At higher resolution, both the mesoscale strain and the details of the kinetic energy spectrum (the range of scales over which the dynamics are nonlocal) could be altered. This would affect both the value of F and the scales over which filamentation characterized by F occurs. Given the ongoing debate about the range over which ocean dynamics are local or nonlocal [LaCasce and Ohlmann, 2003; Lumpkin and Elipot, 2010; McCaffrey et al., 2015] , it is not obvious how our results would be altered in a higher resolution simulation or in the ocean. This remains a question for further investigation.
In conclusion, we have shown that a nondimensional filamentation number characterizes the chaotic nature of ocean ventilation. To our knowledge, this is the first attempt to apply a dynamical systems approach to the question of ocean ventilation. We have shown that it is a uniquely appropriate problem for such an approach, providing as it does an inherent timescale over which stirring by the turbulent flow takes place. Further work in this area could prove fruitful in providing deeper understanding of the processes establishing tracer variance (and by extension transit time distributions) in the ocean interior. Our results support the case for a central role for mesoscale strain in setting the properties of the subtropical thermocline. Furthermore, the kinematic approach clarifies the importance of the spatial scales of subduction and of the details of the ocean kinetic energy spectrum in the retention of memory of mixed layer properties during ventilation, with implications for the spreading of atmospherically-derived tracers into the ocean interior. Met Office. The hindcast was carried out within the European Drakkar project, and the model outputs were kindly provided by J.M Molines and C. Talandier. We used the computational tool Ariane developed by B. Blanke and N. Grima, who also provided support and advice on its use. We acknowledge useful conversations with Joe LaCasce and Ric Williams, for which we are grateful. We are grateful to two anonymous reviewers, whose constructive feedback greatly improved the manuscript. Model output from the Drakkar hindcast used in this study can be obtained upon request to CL (camille.lique@ifremer. fr). Numerical codes used for analysis are available upon request to GM.
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